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Local Solution Acceleration Method for the Euler
and Navier-Stokes Equations

D. Drikakis* and S. Tsangarisf

Laboratory of Aerodynamics NTUA, Athens, Greece

The solution of the compressible Euler and Navier-Stokes equations via an upwind finite volume scheme
is obtained. For the inviscid fluxes, the monotone upstream-centered scheme for conservation laws (MUSCL)
has been incorporated into a Riemann solver. The MUSCL scheme is used for the unfactored implicit
equations that are solved by a Newton form, and relaxation is performed via Gauss-Seidel relaxation
technique. The solution on the fine grid is obtained by iterating first on a sequence of coarser grids and
then interpolating the solution up to the next refined grid. Since the distribution of the numerical error
is nonuniform, the local solution of the equations can be obtained in regions where the numerical errors
are large. The construction of the partial meshes, in which the iterations will be continued, is determined
by an adaptive procedure taking into account some convergence criteria. Reduction of the computational
work units for two-dimensional problems is obtained via the local adaptive mesh solution which is ex-
pected to be more effective in three-dimensional complex flow computations.

Introduction

DURING the last decade, a wide variety of upwind nu-
merical methods for the solution of the Euler and the Na-

vier-Stokes equations has been developed. In the present pa-
per, the monotone upstream-centered scheme for conservation
laws1 (MUSCL) has been incorporated into a Riemann Solver2

for the calculation of the inviscid fluxes. The calculation of
the derivatives in the diffusive fluxes is obtained by central
differences. For the cross derivatives a special upwind treatment3
is used.

Many implicit methods use the unfactored Newton form of
the equations and find the solution to the steady state via a
Gauss-Seidel relaxation technique,3'4 increasing the efficiency
of the solver. The present method is an implicit unfactored
relaxation scheme which allows high Courant-Friedrichs-Lewy
(CFL) numbers.

In spite of using these techniques, the cost of solving both
the Navier-Stokes and the Euler equations is high. Thus, the
calculation of complicated flows may be impractical in a de-
sign environment. On the other hand, the flows are nonuni-
form. Nonuniformities were especially presented near the
boundaries, as well as in the shock-wave regions. Although a
large part of the flowfield solution had converged during the
iterations, more time steps are needed for "strong" regions where
the convergence criteria have not been satisfied. Thus, the so-
lution of the equations need not be obtained in the whole flow-
field during the iterations, but only in the regions where the
numerical disturbances are large. An analytical study of the
propagation of numerical disturbances has been presented by
Panaras5 using a thin-layer Navier-Stokes code.

In the present paper, the adaptation of a local solution method
and the combination of this method with the mesh sequencing
procedure are proposed as an acceleration strategy for the full
Navier-Stokes and Euler equations. At first, the equations are
iterated on a sequence of coarse grids and then the solution is
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interpolated to the next finer grid. After smoothing the solution
on the finest grid and by using prescribed criteria, partial meshes
are selected, as subregions of the fine mesh, and local solution
is obtained. Partial meshes contain a small enough number of
grid points in comparison with the whole fine mesh; therefore,
the computational cost for these meshes is very small. The
adaptation of the partial meshes is obtained using convergence
criteria.

The local solution improves the mesh sequencing technique,
increasing the efficiency of the solver. The aforementioned
method is expected to be more effective for large-scale com-
putations (e.g., three-dimensional flows).

Governing Equations and Time Integration
The governing equations are the time-dependent full Navier-

Stokes equations for a compressible fluid. These equations can
be written in conservation form and for a generalized coor-
dinate system as

U = 7(p, pw, pw, e)T

(la)

(Ib)

£inv> Ginv are the inviscid flux vectors while Evis, Gvis are the
viscous flux vectors. After nondimensionalization of the fore-
going equations, Mach and Reynolds numbers appear as pa-
rameters. Body-fitted arbitrary coordinates £, £ are used. The
variable / '= !/(&£ - &&) is the Jacobian of the transfor-
mation f = tfa, z) and £ = £(x, z) from the Cartesian to the
generalized coordinates.

The implicit scheme in the present work is first-order ac-
curate in time. The implicit form of Eq. (1) is written as

(Un+l -

E = £vis + Einv, G = Gvi

= 0

Ginv

(2a)

(2b)

A Newton method can be constructed for Un+l by linear-
izing the fluxes in Eq. (1) about the known time level n:

The last relations yield the Eq. (1) to the following form:

A£7
— + (A"&U)€ + (C"bU)( = -(El + GJf) = RHS (3)
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A, C are the Jacobians of the flux vectors E, G while A£7 =
Un+l - U" is the time variation of the solution. The terms
(A"A'£/)f, (C"kU)£ are discretized at the computational volume
up to second order of accuracy in space. For example, the term

is written as

The subscript "inv" denotes the Jacobian of the inviscid
fluxes. The thin-layer viscous Jacobian Avis is used for all di-
rections £, •£ instead of the exact form, saving computational
time.6 Numerical experiments have shown that this implemen-
tation does not change the good stability behavior of the so-
lution method or the acceleration techniques. On the right-hand
side (RHS) the full form of the Navier-Stokes equations is used.

The solution of the system of Eq. (3) is obtained by the
sequence of approximations denoted by qv such that

lim q"
v>\

•U"

where v is the subiteration state. The equations are solved by
a Newton method. A Newton form is obtained by the linear-
ization of the Eq. (3), around the known subiteration state v,
as follows:

(4)

qv, qv+l are the solution vectors at the subiteration states v, v
+ 1, respectively. The solution at the level v + 1 is updated
as

qv+l = q" + A^+1

Equation (4) is solved by a Gauss-Seidel type of relaxation
scheme4 using /i-subiterations in the relaxation procedure, with
the right-hand side (RHS) held constant. The optimum number
for the Newton subiterations is v = 2 for both the Navier-
Stokes and Euler equations. For the Gauss-Seidel relaxation,
typical values are JJL = 6 for the Navier-Stokes and JJL = 4 for
the Euler equations, respectively. In the present acceleration
strategies, fewer subiterations, both in the Newton and the
Gauss-Seidel methods, can be obtained. Thus, (JL = 3, v — 2
subiterations for the Navier-Stokes and V = 2, v = 1 for the
Euler equations are used on the coarser meshes of the mesh
sequencing procedure and during the local solution of the
equations on the partial meshes. Thus, a significant saving of
computational time is obtained. The present implicit schemes
uses CFL numbers up to 150 for transonic and supersonic
flows.4'6

Inviscid Fluxes
For the inviscid fluxes on the right-hand side of Eq. (4), a

linear, locally one-dimensional Riemann solver2 (Godunov-type
differencing) is employed at the finite volume cell faces. The
state that is used for the Riemann solution depends on the sign
and the size of the eigenvalues.2 The Riemann solver construct
the fluxes as a function of the conservative variables (p7, (p«X ,
(pw)7, ej) on each characteristic direction j = 0, 1, 2 (the char-
acteristic directions are defined from the three eigenvalues).
For the calculation of these characteristic conservative vari-
ables, a mean value is obtained at the cell faces as follows:

i+l/2 = V2[(l + fj)Ul '+ (1 - fi j = 0, 1 , 2

The left (/) and the right (r) conserved state variables are
obtained by an upwind-biased interpolation1'6 known as the
MUSCL-type approach.

A general MUSCL-type scheme can be defined as

(1 + KS)V€]Ul+l

The symbols A and V denote the forward and the backward
difference operators:

S is the van Albada-type sensor for the detection of shocks and
other discontinuities:

where the term § is associated with the eigenvalues A{r (/.=
0, 1,2) of the left (/) and right states (r):

(A/ + (V/ + e

e is a small number to prevent division by zero. The parameter
K defines the spatial accuracy of the approximation. K - -1
corresponds to the fully upwind second-order scheme and K
= Vs to the biased scheme which is formally second-order ac-
curate for two-dimensional problems.

The preceding MUSCL-type interpolation was incorporated
into the Riemann solver for the evaluation of the conservative
variables at the cell faces.

Viscous Terms
In the case of the unfactored solution of the equations, a

diagonal matrix inversion is required. Thus, the discretization
must augment, as much as possible, the diagonal terms.

Chakravarthy3 has presented that an upwind-type discreti-
zation of the cross derivatives in the viscous fluxes can aug-
ment the diagonal terms of the matrix inversion. In the present
method, the Chakravarthy scheme has been adopted. The other
derivatives are discretized by central differences. A similar im-
plementation has also been proposed by Schmatz.6

Mesh Sequencing Technique
In the mesh sequencing, an initial guess on the fine mesh

is obtained by first iterating on a sequence of coarser grids and
then interpolating the solution to the next finer gird.7

The mesh sequencing procedure is a part of the present ac-
celeration method. For the mesh sequencing, a generated fine
grid as well as the number (n) of the coarse meshes (coarse
levels) must be introduced as data in the computational code,
while only the fine mesh is necessary to be stored. When the
fine mesh with size h is given, two different procedures can
be followed for the construction of the coarse mesh with
size H.

1) The coarse mesh is constructed by eliminating every sec-
ond line of the fine mesh in each direction, and thus doubling
the mesh spacing. A finite volume on the coarse mesh contains
four cell volumes of the finer mesh. The construction of a typ-
ical coarse mesh is shown in Fig. 1. Correspondence between
the points (/, f)(n+l) of the coarse-mesh (n + 1) level and the
points (/, f)(n) of the coarse-mesh n level must be defined as

;(«+!) = yd.) + 1]/2, /«+1> = [/<»> + l]/2

in order to avoid coarse mesh points out of the computational
domain. Otherwise fictitious computational volumes are needed.

The superscript n denotes the mesh levels (n = 1 corre-
sponds to the fine mesh). The coordinates x(n+l\i(n+l),
jfn+i^ z<»+ 1>(/<»+ 1>, /"+1>) of a coarse level (n + 1) are suc-
cesively determined from the previous levels up to the fine
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Fig. 1 Construction of a typical coarse mesh.
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Fig. 2 Comparison between interpolation formulas.

mesh (e.g., the level 2 from the fine mesh 1, level 3 from the
level 2, etc.):

The coarsest mesh is the initial mesh of the calculations.
2) Another way is to construct coarser meshes in terms of

the cell volumes by eliminating every second volume of the
finer mesh in each direction. This is known as the cell-centered
approximation.8 The coarser mesh volumes are a subset of the
finer mesh volumes; therefore the interpolation of the conser-
vative variables is unnecessary. The coarser grid points are not
a subset of the corresponding points of the finer grid and thus
interpolation and smoothing of the mesh lines (after the inter-
polation) are needed. Numerical experiments have shown that
the cell-centered approximation may deteriorate the numerical
convergence.

For the aforementioned reasons, the first procedure (four cells
of the fine grid constitute one cell of the coarse grid) is im-
plemented in the present study.

Coarsening Ratio
In the present study, coarse meshes are defined with a coars-

ening ratio H/h = 2, which is the smallest possible number
and is already big enough to make computational work on the
coarse mesh quite small relative to the fine mesh work. This
coarsening ratio has also been used by other authors8'10 in mul-
tigrid methods. Numerical experiments have shown that a
coarsening ratio H/h = 4 may deteriorate the numerical con-
vergence because of the large interpolation errors.

Refining Grid Criterion — Convergence Criterion
The mesh sequencing idea is the generation of a better initial

guess for the solution of the equations, instead of the classical
uniform freestream initial condition in the whole flowfield.
Numerical experiments have shown that this initial guess is not
necessary to constitute the final converged solution on the coarse
mesh. Thus, the coarse meshes are used only for a number of

iterations until the characteristic regions of the flowfield (shock
wave, boundary layers) have started to appear, but without the
absolute correct values of the steady-state solution.

The user cannot know the required number of iterations for
the appearance of the flowfield regions, because this number
depends on the flow case. On the other hand, we have found
that the variation Q = max(|Ap|, |A(p«)|, |A(pw)|, |Ae|) of the
dimensionless conservative variables is a proper criterion to
check the appearance of flowfield regions during the conver-
gence. For the present Riemann solver and for inviscid flow-
field, the appearance is satisfactory when Q is about 1 X 10~3.
In viscous flowfields the order of Q must be about 5 x 10~4.
In our computational code, Q is the refining grid criterion for
each coarse level. For the present Riemann solver, the varia-
tions of the conservative variables |Ap|, |A(pw)|, |Ae| are of the
same order of magnitude during the convergence. The varia-
tion of the conservative variable |A(pw)| is almost one order
of magnitude lower than the other variations.

The measure of the convergence is also the variation Q. It
is noted that we use the absolute number Q instead of another
criterion, e.g., the maximum value of the RHS in Eq. (3),
because in the present solver these quantities converge with
the same speed after about 30 iterations from the beginning of
the calculations. It is also noted that we do not use the vari-
ation of the conservative solution vector U because this vector
is divided by the Jacobian J ~ l = %x£z — £xgz. Panaras5 has
shown that the large variations of the Jacobian within a grid
may have significant masking effects on the numerical mean-
value convergence criteria if the convergence criteria are scaled
by J~l. For this reason, the maximum variation Q of the un-
sealed dimensionless conservative variables is used instead of
the variation A £7.

Interpolation Procedure
In the present mesh sequencing procedure, the center of the

volumes of the fine mesh are not a subset of the volumes of
the coarse mesh and consequently the values of the conser-
vative variables on the fine mesh must be calculated by a
weighted average of the values on the coarse mesh. A proper
way to find the values on the volume A of the fine mesh (Fig.
1) from the values 1, 2, 3, 4 (volume centers) of the coarse
mesh is the bilinear interpolation procedure (interpolation 1):

UA = (5)

This procedure has also been used by other authors8'10 in
the field of multigrid algorithms. A second formula (interpo-
lation 2) which has been used during the development of the
mesh sequencing takes into account the cell area of the volume
defining an interpolating value on the point K (Fig. 1). The
value on the volume A is determined by the average of the
values of the points K and 1 as

UA = with %=
where 5/(i = 1, . . ., 4) are the cell areas of the coarse mesh.
A similar formula (interpolation 3) can be obtained defining
the point K as

UK = U2 U4)

and the point A as in the interpolation 2 formula. A typical
comparison between the bilinear interpolation [Eq. (5)], inter-
polation 2, and interpolation 3 is shown in Fig. 2 for the in-
viscid transonic flow (M = 0.95, a — 0 deg) over a NACA
0012 airfoil. No difference exists in the convergence using the
bilinear interpolation and interpolation 2, while deterioration
of the convergence is presented using the interpolation 3. It
has been found that the same behavior of the interpolations is
presented independently of the mesh size and the flow test case.
The jump of the residuals in the convergence histories is ap-
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Fig. 3a Partial view of the fine mesh.

Fig. 3b Iso-Mach lines for the supersonic laminar viscous flow (Af. = 2, a = 10 deg, Re = 106).
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Fig. 4 Pressure-coefficient distribution for the supersonic lami-
nar flow (Moo = 2, a = 10 deg, Re = 106).

peared after the interpolation on the fine mesh. All of the re-
sults that follow have been obtained using the bilinear
interpolation.

Bilinear extrapolation is also used for the calculation of the
variables on the first volume of the fine mesh over the bound-
ary (Fig. 1):

UK = >

Local Adaptive Mesh Solution
Generation of the Numerical Disturbances

The solution of the equations is not necessary to be obtained
in the whole flowfield during the iterations. This fact origi-
nates from the nonuniformities of the flow variation towards
a steady or unsteady solution. An analytical study of the nu-
merical disturbances has been presented by Panaras5 using an
implicit approximately factored scheme for the thin-layer Na-
vier-Stokes equations. A very simple form of partial mesh so-
lution has also been used in the past by Cline11 in the VNAP
code.

The values of the numerical disturbances are decreased rap-
idly away from the solid boundary and the regions of the dis-
continuities (e.g., shock waves). The propagation of the nu-
merical disturbances can be studied using the variations |A(pw)|
and |A(pw)| of the conservative variables. In the present work,
the behavior of the numerical disturbances has been examined
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Fig. 5 Propagation of the numerical disturbances for the supersonic laminar viscous flow.

for a supersonic laminar viscous flow test case (M«, = 2, a =
10 deg, /te = 106). The flow has been calculated using a 137
x 37 mesh (108 points around the airfoil). The computational
mesh is C-type, generated by the Sorenson's method.12 The
outer boundary is located 9 chords from the airfoil, and the
first mesh line has a distance of 5 x 10~4 chords from the
surface and the wake line. An enlarged view of the fine mesh
around the airfoil is shown in Fig. 3a. The iso-Mach lines are
presented in Fig. 3b and the pressure coefficient distribution
in Fig. 4. The results are compared with the corresponding
results of a GAMM Workshop.13

The propagation of the disturbances is shown in Figs. 5a-
5d plotting the quantity max|A(p«)| multiplied by a factor 104-
106 for presentation in the plots. Initially, the disturbances are
larger in the region of the bow shock, in the boundary layer,
and the wake of the flowfield (Fig. 5a). After a number of
iterations, the disturbances disappear from the region of the
bow shock and are propagated downstream (Figs. 5b, 5c). On
the upper side, larger disturbances on the surface near the tail-
ing edge are presented. Finally, the disturbances are limited
to the wake region and die out when the convergence is achieved
(Fig, 5d).

From the above plots, it is implied that the local solution
can be applied only in regions where the disturbances are large
because in the rest field the solution has been achieved. It is
noted that the plots constitute a qualitative representation of
the flowfield convergence because the quantity max]A(p«)| has
been multiplied by a factor 104—106. Convergence of the al-
gorithm is determined by the convergence criterion, mentioned
in previous section.

Construction Criteria of the Partial Meshes
The local solution of the equation is obtained in subregions

of the fine mesh characterized by large values of the numerical
disturbances. The computational cost in the subregions (partial
meshes) of the fine mesh is very small in comparison with the
cost in the whole flowfield. To construct partial meshes, re-
gions of the fine mesh with large numerical disturbances must
be detected. The detection parameter is the maxAg =
max(|A(p«)|, |A(pw)|). The same criterion has also been pro-
posed by Panaras5 for the check of the convergence on the
flowfield solution. The steady-state solution has been achieved
when the quantity Q = max(|Ap|, |A(p«)|, |A(pw)|, |Ae|) tends
to zero.

As input in the computational code a value for the maxAg
is given. This value (partial convergence criterion) is the limit
at which the local solution starts to be obtained (for the present
results it is about 10~3). When the iterations meet this crite-
rion, the procedure searches the whole flowfield and detects
the regions where the numerical disturbances are larger than a
second input criterion. The second input criterion, called total
convergence criterion, is a value for the quantity Q = max(|Ap|,
|A(pw)|, |A(pw)|, |A<?|) defining the converged steady-state
solution.

Construction of the Partial Meshes
For the construction of the partial meshes, two different pro-

cesses may be selected. In the first, the detection process checks
if a cell does not satisfy the total convergence criterion, storing
the detection information into an array. A cell may satisfy the
total convergence criterion while its neighboring volume may
not satisfy it, and thus the equations must be solved, without
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Fig. 6 Partial meshes for the local adaptive solution.

sense, only for this cell. The above process also needs an array
for the storage of the detection information, increasing the
computer storage. For the aforementioned reasons, this imple-
mentation is not used in the present study.

In the present study, an alternative process is proposed. Re-
gions of the input fine mesh are defined as given prescribed
detection blocks. The number of the prescribed blocks may be
arbitrary (the summation of the blocks constitute the fine mesh).
The detection process is obtained on each prescribed block in-
dependently from the others. The partial meshes are con-

COARSEST MESH

N MESH •
SEQUENCES \

CONVERGENCE
ON THE M LOCAL
SOLUTION LEVEL

FINE MESH

Fig. 7 Presentation of the total solution algorithm.

structed into the prescribed blocks. Each block contains only
one partial mesh or may be itself a partial mesh. For instance,
the upper and lower sides of an airfoil topology may be the
two prescribed detection blocks. The first block is contained
between £=. 1.4- £max, £ = 1 '•*• £nose-lines, while the second
one is contained between £ = 1 4- £max and f = £nose -^ ^ax-
lines, where £npse intersects the leading edge of the airfoil. For
sake of simplicity, partial meshes are constructed (into the de-
tection blocks) as boxes (Fig. 6, for the supersonic viscous test
case) between two £-lines and two £-lines of the fine mesh,
and thus cells that satisfy the total convergence criterion may
be included in the local solution. Searching each block, the
first and the last volume, in which the total convergence cri-
terion is not satisfied, correspond to the first and the last line
of the partial mesh, respectively. Sweeps are obtained in each
direction £, f for the determination of the two f-lines and two
f-lines of the partial mesh box. The simplicity of the preceding
procedure increases the versatility of the technique, without
using cofriplex algorithmic structures into the computer code.

The solution of the equations is obtained on each partial mesh.
The values of the conservative variables on the boundary cells
of the partial meshes during the local solution can be calcu-
lated either as far-field boundary conditions (based upon the
Riemann invariants9'10) or freezing previous updated values.
Numerical test cases have shown that the boundary conditions
on the partial meshes do not influence the stability of the so-
lution and the convergence behavior. In the present test cases
the boundary values are frozen.

The present local solution technique avoids the difficulties
in the interfaces between coarse and fine meshes, which are
presented in other adaptation methods.14 This occurs because
in the local solution there are not, at the same time, coarse
and fine meshes, but only subsets (partial meshes) of the fine
mesh. Thus, there is no need for any special treatment, as
an interpolation procedure, in the boundaries of the partial
meshes.

Adaptation Solution Procedure
The stage in which partial meshes are constructed for the

first time is called the first local solution level (Fig. 7). Several
solution levels can be constructed during the convergence to
the steady-state solution. Input to the solver must be the cri-
teria in which the solution levels start to be constructed, as
well as the number of the local solution levels. Partial con-
vergence criteria may be an input number of iterations, the
aforementioned convergence number maxAQ, or a criterion for
the convergence rate. It has been found that an input conver-
gence number for the maxAg is a proper criterion. The most
inappropriate criterion is an input number of iterations while
the convergence rates depend on the flow test case. The re-
quired data for the adaptation of the local solution are sum-
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marized as follows: 1) total convergence criterion; 2) partial
convergence criterion for each local solution level; 3) number
of detection blocks on the fine mesh; and 4) number of local
solution levels.

All of the present calculations have been obtained by three
local solution levels. The adaptation of the partial meshes is
obtained into the prescribed blocks, and thus on each level
partial meshes are constructed independently from their posi-
tioning on the previous level and so may appear in different
positions on each level.

The solution algorithm consists of the following steps
(Fig. 7)

1) A fine mesh is given as input, as well as all of the afore-
mentioned criteria for the mesh sequencing technique, local
solution, and adaptation.

2) The coarsest mesh (initial grid of the calculation) is con-
structed according to the description in the section of the mesh
sequencing procedure. The iterations begin.

3) Computations are made on the sequence of the coarse
meshes, and then interpolation of the initial guess to the fine
grid is conducted.

4) Computation on the fine mesh continues until the residual
falls below the value of the input partial convergence criterion

1 1=Mesh sequencing and Local solution
2=Mesh sequencing
3=Fine mesh
(M=2.,a=10°,Re-106)

10
400 800

WORK UNITS
1200

Fig. 8 Convergence histories for the supersonic laminar flow.

for the first local solution level. The large values of the nu-
merical disturbances are detected, and the partial meshes are
constructed.

5) Local solution on the partial meshes of the present level
is executed until the residual falls below the value of the input
partial convergence criterion of the next local solution level.
The partial mesh is constructed as on the next level.

6) Step 5 is repeated until the final local solution level, where
the solution is marched to steady state (satisfaction of the total
convergence criterion).

In this stage two choices can be selected: 1) termination of
the computations or 2) return to the whole fine mesh. In the
second case, the flow will be disturbed but rapid decay of the
residual is obtained. Numerical experiments have shown that
there is no difference in the results of flowfield if the calcu-
lations are terminated on the final local solution level. Of course,
there are many alternative strategies as 3) selection of the case
2 before the solution converges on final local level. In this
case, the solution is repeated from step 4; 4) Selection of case
2 and repetition of step 4 before the steady-state solution on
the fine mesh. In this case, a "local solution cycle" is com-
pleted (Fig. 7). It has been found that satisfactory results are
obtained terminating the calculations before step 6.

Acceleration of the Convergence
Supersonic Laminar Flow (M« = 2, a = 10 deg, Re = 106)
over NACA 0012 Airfoil

The convergence histories are presented in Fig. 8. Com-
parisons are shown between the single grid (fine mesh), mesh
sequencing without local solution, and total procedure (mesh
sequencing and local adaptive mesh solution), plotting the
quantity Q = max(|Ap|, |A(p«)|, |A(pw)|, |Ae|) (in the present
viscous test cases the variation of the density is slightly higher
than the other variations).

The local solution improves the mesh sequencing technique
while a significant reduction of the computational time in com-
parison with the single grid is obtained. A work unit is defined
as one time step on the finest grid. This figure shows that after
the local solution and the return on the fine mesh, jump of the
residual is presented but the decay is very fast. All of the cal-
culations have been obtained on a workstation computer sys-

.Fig. 9 Iso-Mach lines for the transonic laminar flow (M» = 0.85, a = 0 deg, Re = 500).
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2=Fine mesh
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Fig. 10 Convergence histories for the transonic laminar flow.

tern (main processor consists of the R3000 and R3010 floating
point coprocessor with 20-MHz clock frequency). The total
CPU time (for Q = 5 x 10~5) is 17.4 h for the fine mesh, 5.5
h for the mesh sequencing, and 2.6 h using the combination
of the local solution and the mesh sequencing technique. The
jump of the residuals in the convergence history appeared after
the interpolation on the mesh sequencing procedure or after
the local solution and the return on the whole fine mesh.

Laminar Transonic Flow (AT. = 0.85, a = 0 deg, Re = 500)
over N AC A 0012 Airfoil

The iso-Mach lines are plotted in Fig. 9. Comparison of the
convergence history (Fig. 10), between the total procedure (mesh
sequencing and local solution) and the fine mesh, indicates the
effectiveness of the present technique. The decay of the resid-

ual after the local solution and the repetition of the solution
on the fine mesh is rapid.

Transonic Inviscid Flow (M«, = 0.95, a = 0 deg)
over NACA 0012 Airfoil

The transonic inviscid flow over a nonlifting NACA 0012
airfoil has been studied using the above technique. In Fig. 11,
the Mach number contours are plotted for the present test case.
An oblique shock wave is formed at the trailing edge. The
results have been compared with corresponding results from
the AGARD test cases.15 Figure 12 indicates excellent agree-
ment for the pressure coefficient. For this test case the con-
vergence histories are presented in Fig. 13. Comparisons are
shown between the single grid (fine mesh), mesh sequencing
without local solution, and total procedure (mesh sequencing
and local adaptive mesh solution). Spikes occurring in the con-
vergence-history case of the single fine mesh (curve 3), be-
cause the large skewness of mesh lines (in the oblique shock
wave region at the trailing edge), cause very slow decay of
the numerical disturbances in this region. This effect is con-
fined using mesh sequences (curve 2). For the total procedure
(curve 1), three local solution cycles (indicated by the letters
A, B, and C in Fig. 13) have been used because returning on
the fine mesh, after the local solution levels, the convergence
is not rapid as in the previous test cases. The peaks in the curve
1 are not spikes but "jumps" of the residuals marching from
the local solution levels to the fine mesh on each local solution
cycle. It is noted that the calculations may be terminated be-
fore the cycle A. Figure 13 indicates that the convergence of
the mesh sequencing procedure is improved by the local so-
lution. In some regions of the curve 1 (Fig. 13), the conver-
gence is almost vertical because the ratio of the number of
partial mesh volumes over the number of volumes on the whole
grid is very small and thus the computational work units are
few.

Fig. 11 Iso-Mach lines for the transonic inviscid flow (Mx = 0.95, a = 0 deg).
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Fig. 13 Convergence histories for the transonic inviscid flow.

Conclusions
The basic conclusions of the present work can be summa-

rized as follows:
1) The solution of the Euler and Navier-Stokes equations

can be obtained with less computational work using the com-
bination of mesh sequencing and the local adaptive mesh
solution.

2) Reduction of the number of subiterations in the Newton
method and the Gauss-Seidel relaxation can be used in the mesh
sequencing and the local solution. This is an important ad-
vantage in the convergence acceleration of the Gauss-Seidel
type methods.

3) The local adaptive mesh solution improves the known
mesh sequencing technique.

4) Convergence criteria can be used for the adaptation of the
partial meshes, as well as for the mesh sequencing procedure.

5) The present technique does not require the use of inter-
faces between the coarse and fine meshes because partial meshes
are subregions of the fine mesh. Thus, an interpolation pro-
cedure is not needed in the boundaries of the partial meshes.
The partial mesh boundary values are frozen during the local
solution.

The preceding method is proposed as an effective tool for
the reduction of the computational time in the numerical sim-
ulation of compressible flows.
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